Abstract. In this paper we will, first, give a local splitting theorem for Lie algebroids which shows that we have a splitting in the product of a tangent bundle and a rank 0 Lie algebroid. We give a very simple way to prove the unicity of the transversal structures. We also give a linearization theorem for these rank 0 algebroids. All these results are part of the "folklore" of the domain and are not very difficult, but, to my present knowledge, they are unavailable in the literature.
This notion plays an important role in domains such that foliations (with or without singularities), Poisson manifolds, super-manifolds. . . (see, for example, [CW] , [M] , [W2] 
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[35] Proof. To prove our result we will proceed by induction. There is nothing to prove if q = 0, so we work with q > 0. We suppose that there is an integer k with 0 ≤ k < q satisfying the following condition: There is a trivialization of A, on a neighborhood of m with local coordinates (x 1 , . . . , x k , y 1 , . . . , y s+q−k ), and a basis of sections
u are independent of the x j , for every i ≤ k, j ≤ k and u = 1, . . . , r + q − k. Under this induction hypothesis, we have where the γ uv w are functions of y only. As we have taken k < q, we can suppose, up to a reindexation, ♯β 1 (m) = 0. Then we can straighten this vector field: precisely, under a coordinate change y → (t, z) (z belongs to R s+q−k−1 ; we don't touch x), we can suppose ♯β 1 = ∂ ∂t . We add local sections of the form a(t, z)β 1 such that ♯β u , written in the coordinates (t, z), doesn't have component in
Now we will change the β u , for u > 1, inβ
is an invertible matrix with coefficients depending smoothly in (t, z). We want to choose Θ such that [β 1 ,β u ] = 0 for every u > 1. This constraint reduces to the O.D.E.
where Γ 1 is the matrix with coefficients γ 1v u , for u > 1 and v > 1. Up to a shrinking of the neighborhood of m on which we work, we have good solutions to this O.D.E..
Remark that we have still [α i ,β u ] = 0 for every u > 1 and i ≤ k. Now we can change notations and put α k+1 := β 1 , x k+1 := t, and we have replaced k by k + 1 in our starting hypothesis (the old β u for u > 1 being replaced byβ u and the old y replaced by z).
Starting with k = 0, we can continue this procedure until k = q and so, prove the theorem.
This theorem shows that A decomposes locally as the direct product of a tangent algebroid and an algebroid with 0-rank at the origin. This "splitting theorem" improves the one presented in [F] , though the proof is essentially the same.
A simple particular type of Lie algebroid is a bundle of Lie algebras: this is the case where every fiber is endowed with a Lie algebra structure, depending smoothly on the fiber; in that case the anchor is null. Proof. First use the splitting theorem. Then remark that the rank condition implies that the ♯β i must vanish identically. This leads to the result.
In particular, if the rank at m is maximal, i.e. equal to the dimension of the base, then A is locally the product of a tangent algebroid and a (finite dimensional) Lie algebra.
Lie algebroid structure along the leaves. The distribution Im♯ is involutive, and gives a foliation with singularities on the basis M. A leaf F of the Lie algebroid A is, by definition, a maximal integral submanifold of this distribution ([F])
. Because, at any point of F , the anchor of any section is tangent to F it makes sense to consider the Lie algebroid A| F , which is the restriction of A to F. Now we consider Ker♯| F which is the fiber bundle over F which has, at any point m ∈ F, the fiber Ker(♯ m : A m → T m M ) (for any fiber bundle B, we denote by B x its fiber at x). We can use the splitting theorem to show that this is a true fiber bundle, moreover it shows also that Ker♯| F is a bundle of Lie algebras where the Lie algebra structure of each fiber Ker♯| Lemma 3. Up to isomorphism, the Lie algebra structure of each fiber of Ker♯| F is independent of the fiber.
Proof. We work with the coordinates and the basis given by the splitting theorem. Then F has the equation y = 0 and Ker♯| F has the local basis of sections (β 1 | F , . . . , β r | F ) and the Lie algebra structure is, in every fiber, given by [β
. So the structure constants are independent of the fiber.
Proposition 4. We have the following exact sequence of Lie algebroids over F :
where the second mapping is the inclusion and the third mapping is given by ♯.
This easy proposition gives a description of the Lie algebroid structure along the leaf F. In particular we see that A| F is locally the product of T F with a finite dimensional Lie algebra. There is an equivalence class of (rankA-dimF )-dimensional Lie algebra attached to each leaf F.
3. Transversal structure. Let F be a leaf of our algebroid and m a point of F. If N is any transversal manifold to F at m, we define ( [F] ) the transversal algebroid A N by the formula
The anchor of A N is, by definition, the restriction of the one of A and the bracket of sections α and β being defined by [α, β] N (m) = [α,β](m) whereα andβ are any extension of α and β to a neighborhood of m. Using, for example, our local splitting, it is easy to show that this defines A N without ambiguity. If N is exactly the manifold given by x = 0 in our local splitting coordinates, then A N has the local trivialization given by the sections β 1 | N , . . . , β r | N , the base N admits local coordinates y = (y 1 , . . . , y s ) and the "transversal" bracket is precisely given by
Now remark that any transversal manifold N to F at m has local equations x i = f i (y) in the coordinates of the splitting theorem. We write f (y) := (f 1 (y), . . . , f q (y)). The following proposition gives a very elementary way to prove that A N is, up to an algebroid isomorphism, independent of the chosen transversal N which passes to m.
Proposition 5. The smooth mapping
defines a local isomorphism of the algebroid A which sends the transversal N to x = 0.
Proof. By definition Φ is a vector bundle isomorphism over the local diffeomorphism φ := (x, y) → (x − f (y), y). By construction, this φ maps N to x = 0. To show that Φ is an algebroid isomorphism we have first to prove the fromulae ♯(Φ • α • φ −1 ) = φ * ♯α for any section α. It suffices to prove this for the sections of our basis. For α = α i we get
as expected also. To achieve the result it remains to prove the formulae
for every pair (α, β) of sections. It suffices to verify this for sections in the basis. The two members of these equations are 0 if one of these sections is α i , so we have only to explore the case where α = β u and β = β v . Doing this we obtain
as expected.
In [F] the unicity, up to algebroid isomorphism, of the transversal algebroid to F is proved (exactly as in the Poisson case in [W] ) by a Moser's type-not so simpleargument. The preceding proposition simplifies the proof (in the algebroid case only). This proposition says also that, in the splitting theorem, we can impose that the coordinates x vanish on any given transversal to the leaf of m.
